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' Abstract 

■ In this work, we discuss the interaction between anti-symmetric rank-two tensor matter and 
' topological Yang-Mills fields. The matter held considered here is the rank-2 Avdeev-Chizhov 

tensor matter field in a suitably extended Nt ~ 2 SUSY. We start off from the Nt = 2, D — 4 
£N| ■ superspace formulation and we go over to Riemannian manifolds. The matter field is coupled 

to the topological Yang-Mills field. We show that both actions are obtained as Q— exact forms, 
which allows us to write the energy-momentum tensor as Q— exact observables. 
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1 Introduction 



Topological field theories such as Chcrn-Simons and BF-type gauge theories probe space-time in 
its global structure, and this aspect has a significative relevance in quantum field theories. On 
the other hand, there is great deal of interest in anti-symmetric rank-2 tensor fields that can be 
put into two categories: gauge fields or matter fields. In recent years, Avdeev Chizhov El Ej 
proposed a model where the antisymmetric tensor behaves as a matter field. 

In a recent work 0], Geyer-Miilsch presented a formulation until then unknown in the literature, 
which is a construction of the Avdeev-Chizhov action described in the topological formalism 
This was built for Nt = 1 and generalized for Nt — 2. Known the properties of the anti-symmetric 
rank- two tensor matter field theory, also called Avdeev-Chizhov field [B], the supersymmetric 
properties and characteristics are presented also in ref. [J]; following this formalism, we shall 
write this action in the superfield formalism, as presented by Home |S] in topological theories as a 
Donaldson- Witten topological theories E] . 

Our goal in this work is to discuss the interaction between matter and topological Yang-Mills 
fields as presented by Geyer-Miilsch 4 for Nt = 1 and Nt = 2. The matter field considered 
here is the rank-2 tensor matter field as a complex self-duality condition 0. Thus, we write 
this field now as an anti-symmetric rank-two tensor matter superfield in Nt — 2 SUSY in the 
superspace formalism, founded also in [?]• The matter field is coupled to the topological Yang- 
Mills connection by means of the Blau-Thompson action. We write the Yang-Mills superconnection 

1 Supported in part by the Conselho Nacional de Desenvolvimento Cientifico e Tecnologico CNPq — Brazil. 
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as a 2— superform in a superspace with four bosonic dimensions spacetime described by Grassmann- 
odd coordinates and two fermionic dimensions described by Grassmann-even coordinates, and them 
construct the action in a superfield formalism following the definitions by Home [5]. Then, we go 
over to Riemannian manifolds duely described in terms of the vierbein and the spin connection, 
where we take the gravitation as a background. We introduce and discuss the Wess-Zumino 
gauge condition induced by the shift supersymmetry better detailed in |1U) . Then, we arrive at a 
topological invariant action as the sum of the Avdeev-Chizhov's action coupled to the topological 
super- Yang-Mills action; both actions are obtained as Q— exact forms, and the energy-momentum 
tensor is shown to be Q— exact. 



2 The Nt = 2 Super-conection, Super-curvature and Shift 
Algebra 

Let us now consider the Donaldson- Witten theory, whose space of solutions is the space of self-dual 
instantons, F = *F. To follow our superfield formulation, we shall proceed with the definition of 
the action of Home |S] and Blau-Thompson [131 114) . The Nt = 2 superfield conventions are the 
ones of JOI- The superfields superconnection and its associated superghosts are given as below: 

A = A a T a , C = C a T a , (2.1) 

whose the generators belonging the Lie algebra: 

[T a , T b ] = if ab c T c . (2.2) 

Expanding the superforms l|2.1|) in component superfields, we have 

A = A(x„, 9 1 ) + Ej(x^ 9*)dB z , C = C{x^e T ), (2.3) 

with I = 1,2; in component fields, it comes out as below: 

A(x,6) = a(x) + 6 I t/j I (x) + ^9 2 a(x), (2.4) 
Ej{x,6) = XiW+PtuW + ^Pruix), (2.5) 
C(x,6) = c(x) + e I c I {x) + ^e 2 c F {x). (2.6) 
The associated supercurvature is defined as 

F = dA + A 2 = (dA + A 2 ) + {djA + D A Ei) dO 1 + ^{diEj + djE T + [E I ,E J ])d6 I d9 J , (2.7) 
which can also be expressed as: F — F + tyj dO 1 + <&[j dO 1 dQ J , whose components read as follows: 

F = f -PD^i + le 2 (D a a+^e IJ bpj^j]), (2.8) 
* 7 = yJi + D aX i + e J {e I ja~e J D a <j> IJ +9 j [iPj >X i}) 

+9 2 (^D aVl - X -e KJ \i> K Au\ + \{^Xi\), (2-9) 

\{<t>iJ + <t>Ji + [xi,Xj] + 9 K (£kiV.J + EJKVI + [Xl, <I>jk] + [<t>IK,Xj]) 
+\p(baM + lm,Xj] -£ KL [<PiK,<j>j L })}, (2.10) 



4> 
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where / = da + a 2 and the covariant derivatives in a being given by D a (-) = d(-) + [a, (•)]; the 
symbol (•) represents any field which the derivative act upon. This formalism with Nt — 2, it can 
be found as an example in the work 

The SUSY number, s, is defined by attributing —1 to 9. Thus, the supersymmetry generators, 
Q, have s = 1. The BRST tranformation of the superconnection l|2.3[) is sA = —dC — [A, C] = 
—D^C and component superfields, is given by 

sA = -dC - [A, C] = -D A C, 

aEj = -djC - [Ei,C] = -DjC, (2.11) 
S C = -C 2 , 

which in components take the form: 

sa = —dc — [a, c] = —D a c , 

si/>i = - [c,ipi] - D a d, 

sa = -[c, a] - D a c F + e IJ [a, tpj] , 

s Xi = ~[c,Xi] - a, 

s<j>u = -[c,<j>ij] -Eijc F + [xi,cj] , (2.12) 
sr)i = -[c,rji] - [c F ,xi] + e JK [cj,(f) IK }, 
sc = — c 2 , 
scj = -[c, Ci], 

sc F = -[c, c F ] + \e IJ [cj,cj] . 

and the super-covariant derivative is decomposed as: D % = Da + dd 1 D]. 

The supersymmetry transformations or shift symmetry transformations are defined as: 
QiA = diA, QiEj = diEj, QiC = 9/C; 
in components, they read as follows: 

Qia = ipi , Qiipj = —eija, Qia = 0, 

Qixj = i>ji, Qi<t>jk = -£ikvj - Qivj = o, (2-13) 

Qic=ci, Qici = -eijc F , Qicp^Q. 

Next, we believe it is interesting to introduce and discuss a sort of Wess-Zumino gauge choice 
associated to the shift symmetry above, which is the topological BRST transformation. The Wess- 
Zumino 2 gauge seen in |12l ll(Jj , is here defined by the condition 

Xi = and 4> m -0, (2.14) 

due to the linear shift in the transformations (|2.12|l for scalar fields xi an d 4>u respectively, with 
parameters given by the ghost fields, cj and c F . There exists now, only the symmetric field (j)rij), 
that we write from now on simply as 4>u. This condition is not SUSY- invariant under Qi, and it 
can be defined in terms of the infinitesimal fermionic parameter e 1 as 

Q = JQi. 

This operator leaves the conditions l|2.14|l invariant, and it is built up by the combinations of Q 
with the BRST transformations in the Wess-Zumino gauge, such that 

QH> + Q)\c t =e'*„, c F ^ Vj - (2-15) 

2 This name is given since we are dealing with a linear gauge and scalar ghost field. 
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The results in terms of component fields are displayed below: 

Qa = -D a c + e J -0/, 

QtPi = ~ [c, ipi] - e J D a cj) I j + e/a, 

Qa = -[c, a] + e IJ e K [<j>i k ,ipj] - \e*D a -qi, ^ lg . 

QJ>u = -[c, <j)u] + \ (eirjj + ejr;/) , 
QVi = ~[c,Vi] + e JK e M [cf> JM , c/> IK ], 
Qc= -c 2 + e I e J 4> IJ . 

in agreement with the transformation found in the works of |15M14) ; the nilpotence reads as 

{Qf oc Sfaj, (2.17) 

that is an infinitesimal transformation of 4>ij. With the result of the previous section, we are 
ready to write down the Blau-Thompson action, which is the invariant Yang-Mills action for the 
topological theory. 



3 The Blau-Thompson action 

The associated action for Nt = 2, D = 4 is the Witten action described in Nt — 2 by 

the Blau-Thompson action ^3^], with gauge completely fixed in terms of the superfield. For the 
construction of this action, we wish a Lagrange multiplier that couples to the topological super- 
Yang-Mills so as to manifest its self-duality: F = *F. We then define a 2-form-superfield Lagrange 
multiplier, with the property of anti-self-duality and super-gauge covariant: sK = —[C,K], such 
that 

K(x, 9) = k(x) + 9 I k I (x) + ^9 2 k(x). 

We still wish a quadratic term in the last component field of K. Still, we need a O-form-superfield 
to complete the gauge-fixing for which is defined as: 

Hj{x, 9) = hj(x) + 9 J hjj{x) + ~6 2 Pl (x). (3.1) 

To fix the super- Yang-Mills gauge, we define an anti-ghost superfield for C, being a O-form- 
superfield of fermionic nature 

C(x, 9) = c(x) + 9 I c I (x) + \o 2 c F (x) , (3.2) 
we define a O-form-superfield Lagrange mulptiplier 

B(x, 9) = b(x) + 9 I bi{x) + ^0 2 (3(x). (3.3) 



Their BRST tranformations are sC = B, sB = 0, and in components they reads 

sc = b, scj = bi , scf — 
sb = 0, sbi = 0, s(3 = 0. 



(3.4) 



Therefore the complete Blau-Thompson action in superspace takes the form 

S BT = J d 2 ^/gTr{K * F + (K * D 2 K + e IJ H I D A * *, 7 + s(Cd * A)}, (3.5) 
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with £ being constant. In components, we have 

S BT = J ^Tr{^n* f + CK*K + Ce IJ {k*[i 1I ,kj] + [kj,i 1I ]*k)-Cd> IJ $ IJ k*k 
-ie /J fc/ * D a i> j + -k * D a a + -k * e IJ [ipi, ipj] 
+£ IJ {\piD a * i>j + -xhjiDa *a- -£ KL h K iD a * D a <p JL 
+~h,iD a * D a r]j - e KL hiD a * [ip K , <j> JL } - -[hi,i/jj] * a 
-^ KL [^k, hi] * D a (j)j L + -e KL [xjj K ,h L i} * + [a, fcj] * tpj) 
+-bd * B + -e IJ bid * ipj + ^[3d * a - ^cd * D a c F 
-^e IJ cd * [ipj, cj] - ^cd * [B, c] + \^e IJ cid * D a cj 

+ ^e IJ cjd * [fa, c] - ^c F d * D a c}. (3.6) 

where g is the beckground metric of the Riemannian manifold. 

In the next section, we shall discuss the Avdeev-Chizhov action in a general Riemannian man- 
ifold with the same background metric. 



4 Tensorial Matter in a General Riemannian Manifold 

To couple the theory above to the Avdeev-Chizhov model, we start describing the Avdeev-Chizhov 
action through the complex self-dual field ip [HJ , initially written in the 4-dimensional Minkowskian 
manifold, whose indices are: m,n, ... . We write this action, according to the work of [B], as 

Smatter = [ d* x{{D m ^ mn )\D p ^ n ) + ^^V™ 9 ^)}- (4-1) 



Here q is a coupling constant for the self-interaction, and the covariant derivative D™y mn = 
d m fmn — [a m , fmn]', o™ is the Lie- algebra- valued gauge potential and we assume ip m n to belong 
a given representating of the gauge group G. This action is invariant under the folowing transfor- 
mations: 

S G (uj)a m = D m UJ, 5 G (uj)(p mn = ip mn UJ, J G (w)^„ = -U<p mn , (4.2) 

with if given by 

^Pmn — T rnn -\- iT mn ^ (4.3) 

which exhibit the properties ip mn = vf>mni Vmn — —^P-mm where the duality is defined by ip mn = 
-f w pq 

2°mnpqy 

To treat this theory, in a general Riemannian manifold as a topological theory, Geyer-Miilsch 
0] rewrite the field in a four-dimensional Riemannian manifold, endowed of the vierbein ej" 1 and 
a spin-connection i.e., the tensorial matter read as ip^ = e^e^ipmn, where the action l|4.1[) 
is given by 

Smatter = / d^X^g^ (\7 p ^ v ) + «(vL V'VVm)}- ( 4 ' 4 ) 



In this 4-dimensional Riemannian manifold, we find the folowing properties: 

V9£^" mpq = etfe v n e*e*, (4.5) 
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e™e v n <r = V mn , e™e v n j) mn = g^. (4.6) 
The covariant derivative in the Riemannian manifold is now written in terms of the spin-connection: 

Vp=^ + W/1J (4.7) 

where cu^ — ^u>J nn (j mn) being a mn the generator of the holonomy Euclidean group 50(4), also we 
have: = (D a )^, where, a, is the Yang-Mills connection. 



5 Supersymmetrization of the Avdeev-Chizhov Action 

From now on, we can write the action l|4.4|l in terms of superfields, mentioning the conventions 
of the works |1(J1 [S]. The superfield that accommodates the rank- two anti-symmetric tensorial 
matter field, is similar to the one defined in [7], being now expressed as a linear fermionic. This is 
defined as a rank-two anti-symmetric tensor in the 4-dimensional Riemannian manifold, and with 
the topological fermionic index / referring to the topological SUSY index: 

where tpn V (x) is the Avdeev-Chizhov field. The super-manifold is composed by Riemannian man- 
ifold and the Nt = 2 topological manifold. 

The superfield is defined under the SUSY transformations 

Qi^tivj = diTs^j, (5.2) 

and in components: 

QiWn" = ~C^i (5.3) 

QiCfj,uj = o 

Based on the work of ref. 0, we rewrite the BRST transformations, referring the non-Abelian 
Avdeev-Chizhov model, in terms of the transformations: 

s(v m ip mn y = ic a (T a yi(v m <p mn y, s{v mVmn y i = -ic a (v m ^ mn y j (T a y\ 

where (|2.2|l is the Lie algebra. We wish to write the BRST— transformation for a supergauge 
transformation, generalizing the transformations for the Avdeev-Chizhov fields, according to 



in components, we get: 



sX 1 = icX 1 



The super-derivative of the Ij5.1|) is covariant under the BRST— transformation, where now, the 
covariant super-derivative is 

va) = (DaM-) + M-) = Vp(-) + ^[^/p, (•)] + \o 2 K, (■)}, 
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acoording to (|4.7|l . then gives 

s(V^ v ) = C7 
s{Dj% v ) = C(^E^), 

where we chose here, slu^ = 0. 

By now performing BRST— transformations on the components that survive in the Nt = 2 
Wess-Zumino gauge (|2.15|) . we find: 

QX^vi = £ J EjiLp^ + icX^ yI , 

QCfivi = icC,^ vI - ie J <j> JI if t _ lu + ie J 7]j\ llvI , 

in agreement to (|2.17(1 . 

We build up rank-two anti-symmetric tensorial matter field in a superspace formulation, leaving 
the superfield with the same properties as shown in 7 ; this is invariant under gauge transformations 
(|5.6|l and SUSY transformations. The kinetic term is proposed as 

S kin = J d*xd 2 6^ge IJ {(D^y(D p Z p vJ )}. 

In components, we get: 

Skin = Jd 4 x^{±(V^nHV P ^„) + \e IJ (V^y(V P C P „j) 
+^ /J (V A1 CD t (VpA^, / ) + (V Al ^)t[^,A^ / ] 



+e IJ 



(K,\¥ v } + l^J,^n) (V P X p uJ )} (5.7) 



The interaction term has the peculiarity of presenting two derivatives of the Grassmann coor- 
dinates; it should also be invariant under the gauge transformations (|5.6I) and supersymmetry. We 
write it as 

S int = J d 4 xd 2 9^{e IJ e LM (i;^yD K W)(^ L x ?D k (X p xm)} (5.8) 
where Dk(-) = Ok(-) + [Ek, {■)]] in components, 



S. 



in t 



-! ,„• , > t/'A i t/iA , M / ./ /\ /. > f , , 'ill \ 'in \ \ j 



+CljX7 (A^ A Cp, l + & X \ P „ L ) + Xl jX p f [vl , X^ P x (5.9) 
-^Ii^/vlX^ X pX + vU^ m X^ x X pXL - X^ uI X P j r}L^ X ip p \ (5.10) 



The total action is being determinad for: Sk™ + 9>S7nt, such that 

Sac = - J d 2 ejg{e IJ {V^ v )\V p Y l p vJ ) + g E /J £ iM (S^ rfD K (H? )(Sf ?D k (H p xm)}, 

(5.12) 
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where q is a quartic coupling constant. In components, we have the Avdeev-Chizhov action plus 
its partness: 

Sac = /^V5{i(V AI ^) t (V p ^) + i £ /J (V Al AD t (VpC P , J ) 
+^ /J (V,CD t (V P A^. / ) + (V^WAV] 

AlH + J,^H) (VpA"^) 

+g (^^">^VpA - ^"[(A^^r + ci^v^ 

~^^(ArC pA j + Cr A pA ,;)] + ^^[A^Kf^rCpAL + CrApAL) 

+CljXT(^ X Cp,l + C^Vi) + A^Af A^Va 
-A^/^^lA^A^ +^A7?7/A^ A A (!)AL - j\ P j 'r] L X^ X ip p x 
-^l^Tm^^pXL + Aj^A^ M ^ M ivA^ A A Mi ])}. (5.13) 

It is invariant under conformal transformations. Therefore, the total gauge invariant action can 
be written as: Sac + Sbt- We could also have replace Sbt by the super— BF action described in 
the work of ref . JT] . 

The Q— exactness of the total action above is also true for Nt — 2 SUSY as in 0]; this is so 
because the fermionic volume element Q 2 oc Q\Qi , which means the exactness in the charge Qi, 
Q2 of this action. This proof for Nt = 1 and general Nt , is given in the works JU], where the total 
action is also s— exact. According to Blau-Thompson in their review |17| . the energy-momentum 
tensor is also Q— exact, 

O = (010^10) = (Ol-L JLoSbt + S AC )\0) = (0|QT^|0) (5.14) 

ensuring the topological nature of the theory, where we shall just use the Avdeev-Chizhov kinetic 
term, because the interaction term carries the coupling constant q, which is irrelevant for the 
attainment of the observables of the theory [J. 



Concluding Remarks 

The main goal of this paper is the settlement of a topological superspace formulation for the 
investigation of the coupling between the rank-two Avdeev-Chizhov matter field and Yang-Mills 
fields. It comes out that the stress tensor is Q— exact. This opens us the way for the identification 
of a whole class of obsevables that we are trying to classify |19j . 

It is worthwhile to draw the attention here to the shift symmetry that allows us to detect the 
ghost caracter of the Avdeev-Chizhov field. On the other hand, it is known that there appears a 
ghost mode in the spectrum of excitations of our tensor matter field . The connection between 
these two observations remain to be clarified. The fact that the Avdeec-Chizhov field manifest itself 
as a ghost guide future developments in the quest for a consistent mechanism to systematically 
decouple the unphysical mode mentioned above. 

We are also trying to embed the tensor field in the framework of a gauge theory with Lorentz 
symmetry breaking |18j . We expect that this breaking may identify the right ghost mode present 
among the two spin 1 components of the Avdeev-Chizhov field. 
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Appendices 

A Conventions 



The topological fermionic index: I = 1,2, is lowered and raised by the anti-symmetric Levi-Civita 
tensor: ejj, e IJ , with e 12 = —£12 = 1. The 9— coordinates definitions: 9 1 = e IJ 9j, 9[ — eij9 J , the 
quadratic forms are: 



9 2 = &61 = -9i9 



1 Q i e j = _\ £ u e 2 



6i6j — -ei.j9 2 , 



with £ik£ KJ = 8/ . The derivatives in the 9— coordinates are defined by 

d_ 
d9~! 

thus we have 



(A.l) 



dif(x,6) =e u d J f(x,9), 
with f(x, 9) a any superfunction. Deriving the 6— coordinates gives 

9V = - £ ", d I 6j = -e IJ 



(A.2) 



A superfield is expanded as: F(x,9) = f(x) + 9 1 fi(x) + \9 2 fp, obeying the transformation 



Def 

QiF(x,8) — diF(x,9). In components, we have: 

Qif = fi ; Qifj = -eijf F ; Qifp = o. 

Characteristics table of the superconnection fields: 



(A.3) 



Charge\ fields 


e 1 


a 


1P 1 


a 


x 1 


<^ 


7] 1 


c 


c 1 


CF 


s 


-1 





1 


2 


1 


2 


3 





1 


2 


9 


1 




















1 


1 


1 


P 





1 


1 


1 




















p 

1 grs 


+ 




+ 






+ 






+ 





(A.4) 



where s: susy number, g: ghost number, p: degree form, P grs : Grassmann parity. 



B Rules for Topological Grassmannian integration 



The definition of integration in this topological SUSY representation is 



d9 I dr. 



(B.l) 



This result is applied to a superfunction f{x, 9), so that the volume element is 

J d 2 9f(x, 9) °= f y^djdjfix, 9); (B.2) 
therefore, the square of the supersymmetric charge operator (shift operator) is defined by: 

Q 2 = Q I Qi = d I d I = A J d 2 9, 



which is a volume clement too. 
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